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Abstract: In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional calculus, we solve two types of
fractional integrals. Complex power of fractional analytic function, product rule for fractional derivatives and a new
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I. INTRODUCTION

Fractional calculus is a natural extension of the traditional calculus. In fact, since the beginning of the theory of differential
and integral calculus, some mathematicians have studied their ideas on the calculation of non-integer order derivatives and
integrals. However, the application of fractional derivatives and integrals has been scarce until recently. In the last decade,
fractional calculus are widely used in physics, mechanics, viscoelasticity, control theory, biology, electrical engineering,
and economics [1-9].

However, the definition of fractional derivative is not unique. Common definitions include Riemann-Liouville (R-L)
fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie type of R-
L fractional derivative [10-13]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional derivative
of constant function, it is easier to use this definition to connect fractional calculus with ordinary calculus.

In this article, based on Jumarie’s modified R-L fractional calculus, we evaluate the following two types of fractional
integrals:

11X CCSa L la X ! 1
1ix [ a a ’

where 0 < a < 1. Complex power of fractional analytic function, a new multiplication of fractional analytic functions and
product rule for fractional derivatives play important roles in this paper. In fact, our results are generalizations of the results
in classical calculus.

Il. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([14]): Assume that 0 < a < 1, and x, is a real number. The Jumarie’s modified Riemann-Liouville (R-L)
a-fractional derivative is defined by

(xDE)f )] = =2 [* [0 gy 3)

- Fr(1-a)dx“Xo (x—t)%

And the Jumarie type of R-L a-fractional integral is defined by
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where I'( ) is the gamma function.
In the following, we provide some properties of Jumarie’s fractional derivative.

Proposition 2.2 ([15]): Let a, B, x,, C be real numbers and 8 = « > 0, then

(oo DG = x0)F] = P (= x0)P 7, 5)
and
(xP¥)C] = 0. (6)

Next, the definition of fractional analytic function is introduced.

Definition 2.3([16]): Let x, x,, and a; be real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as ana -fractional power series, that is, f,(x%) = X Om( x — x)** on some open interval

containing x,, then we say that f,,(x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic
function on[a, b].

Next, we introduce a new multiplication of fractional analytic function.

Definition 2.4 ([17]): If 0 < @ < 1, and x, is areal number. Suppose that f, (x%) and g, (x%) are a-fractional power series
at x = x, ,

fa(x*) = Xk om(x — x0)*, (7
Ja(x%) = Y- 0F(ka+1) (x = xp)*. (8)
Then
fa(x*) @ goa(x*)
= Zl?:or(%l:_l)(x - %) ® Zﬁzoﬁ(x — xp)k@
= 5o (B0 (X) @hmbm) G = 300 )
Equivalently,
fa(x*) & ga(x)

= S0 % (s - x)) @ S (s = x))

_vyo 1(5yk k _ ®k
= S0 (Z8e0 (1)) atmbm) (i & = 20)%) - (10)
Definition 2.5 ([17]): Suppose that 0 < a < 1, and f,(x%), g, (x%) are a-fractional analytic at x = x,,
®k
folx®) = oot (6 = %) = T B (s (0 — %)) (1)
by b
9a(r) = B mots (= 1) = N 2 (A = x)?) (12)
The compositions of f,(x%) and g, (x%) are defined by
o a a\®k
(fa ° ga)(xa) = fa(ga(xa)) = Zk:ok_l!c(ga(x )) ’ (13)
and
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(G © f) (D) = Gafalx) = N0 2 (fu ()™ (14)
Definition 2.6 ([17]): Let 0 < a < 1. If f,(x%), g, (x%) are two a-fractional analytic functions satisfies
(fo° 9% = (g © fu) &) = 75 %™ (15)

Then these two fractional analytic functions are called inverse to each other.

Definition 2.7 ([18]): If 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by

ka Rk
a\ — \co X R 1) l 1 a
Ea(x®) = Xi=o [(ka+1) Li=o k! (F(a+1)x ) ) (16)

The a-fractional logarithmic function Ln,(x%) is the inverse function of E,(x%). In addition, the a-fractional cosine and
sine function are defined as follows:

a o (_1)kx2ka _ o (_1)}( 1 « ®2k
€05y (x%) = Xj=o T(Zka+1)  “k=0 (k) (F(a+1)x ) ' (17)
and
. o v (_1)kx(2k+1)a o (_1)k 1 « ®(2k+1)
Sing (%) = Zicmo r(@k+Da+1) Lic=o (2k+1)! (F(a+1)x ) ' (18)

In the following, the complex power of fractional analytic function is defined.

Definition 2.8 ([14]): Let 0 < a <1 and z be a complex number. The z-th power of the « -fractional analytic
function f, (x%) is defined by

[ £ (x]®* = Eg (zLng( fu(x))). (19)
Proposition 2.9 (fractional Euler’s formula): Let 0 < @ < 1, x be a real number, then
E, (ix%) = cosy,(x%) + ising (x%) . (20)

Theorem 2.10 (product rule for fractional derivatives) ([19]): Let 0 < @ < 1, and f,(x%) and g, (x%*) be a-fractional
analytic at x = x;, then

(2P fa(x®) ® ga(x)] = (xDE) fa ()] ® ga(xD) + foa(x®) ® (1,D£)[ gu(x™)]. (21)
I1l. MAIN RESULTS
In this section, two major results in this paper are introduced. At first, we need a lemma.

Lemma3.1: Let 0 <a <1, i =+/—1, then the complex power of a-fractional analytic function

®i
(F(a1+1) x“) = cosa(Lna(x“)) + isina(Lna(x“)) . (22)
Proof (™)
= E,(iLn, (x%))
= C0S, (Lna(x“)) + isina(Lna(x“)) (by fractional Euler’s formula) Q.ed.

Theorem 3.2: Let 0 < a < 1, then

({F(Ml)];l,‘f) [cosa (Lna(x“))] =3 [(F(a+1) x“) ®[sina(Lna(x“)) + cos, (Lna(x“))] — 1], (23)
and
a1 a1 1 4 , « a
([r(mn]élx) [sing(Lne(x®))] = > [(F(a+1)x )®[sma(Lna(x ))—cosq(Lng (x)] + 1]. (24)
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Proof Since Iz [( ! x"‘)@]
1
[M(a+1)]a x r(a+1)

i+1

a)@(z’+1) 1

1 ( 1
T i+1 \I'(a+1)

T2 [(F(a+1) xa) ® (F(a+1) )®L] - %
= o (by Lemma 3.1)

x® ®[cosa(Lna(x“)) + lsma(Lna(x“))]] .

17 [(F(d+1)

= %[(r(au)xa) ®[sma(Lna(x“)) + Cosa(Lna(x“))] — 1]
+17 [ (s #) ®lsina (1ma(e9) —cosu (b x9)] +1]. 25)
And
1 \®

([r(a+1)]§lx> [ (F(a+1)x ) ]

= I8 ) [cose (Lng (x®)) + ising (Lng (x®))]
[C(a+1)]@
(ot leoselimaeN] + (i) inglame )] 29
It follows that
([F( +1) ) [cosy(Lng(x®))] = [(l"(a+1) )®[Sina(Lna(x“)) + cosg(Lng (x)] - 1],
and
([l"((x+1) ) [sm“(Ln“(x“))] [([‘(a+1) )®[5ina(Lna(x“))—cosa(Lna(x“))] + 1].
Q.ed.
Remark 3.3: By product rule for fractional derivatives, we have

([r(a+1)]% ,‘}) [l[ ﬁx“) Q[sing (Lng (x®)) + cosq(Lng (x*))] — 1]]
= l[SL'nO((LnO((x"‘)) + cosq(Lng (x)] + % [cosq(Lng (x®)) = sing (Lng (x))]
= cosa(Lna(x“)). 27)

And
([F(a+1)];Da> [% [(F(a1+1) xa) ®[Sm“ (Ln“ (x“))—cosa (Lna (xa))] + 1]]
= 1[SL'nO((LnO((x"‘)) — c0sq(Lng (x®)] + % [cosq(Lng (x)) + sing (Lng (x))]
(28)

= sing(Lng (x9)).

Therefore, we can easily know that Theorem 3.2 holds.
IV. CONCLUSION

In this paper, we solve two types of fractional integrals based on Jumarie’s modified R-L fractional integral. A new

multiplication of fractional analytic functions, complex power of fractional analytic function, and product rule for fractional
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derivatives play important roles in this article. In fact, our results are generalizations of the traditional calculus results. In
the future, we will continue to use these methods to expand the research fields to fractional differential equations and
engineering mathematics.
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